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We introduce a class of Hamiltonian systems generating motion of polygons in
plane and define ``geometrical'' Hamilton functions depending arbitrarily on dis-
tances between the vertices and the areas of the inscribed triangles. The motion
preserves the centroid and the moment of inertia if unit masses are assigned to the
vertices. Therefore the 3-vertex systems corresponding to the dynamics of triangles
are completely integrable. In the case of Hamiltonians depending only on the areas
there is an additional integral leading to integrable dynamics of the quadrilaterals.
For a particular subclass of such Hamiltonians the total area is also preserved,
which results in integrable motion of pentagons. We present several numerical
illustrations of the polygon dynamics. Q 1997 Academic Press
1. INTRODUCTION
It is well known that complete integrability of a system of n interacting
particles in a plane or a three-dimensional space represents a rather rare
phenomenon. For instance, the classical n-vortex problem in two-dimen-
sional hydrodynamics has been the subject of discussion for more than a
 w x.century one can find an elegant overview and references in 3 . In
particular, the fact of complete integrability of the motion of three vortices
w x w xwas already known to Kirchhoff 1 and Poincare 2 . The four-vortexÂ
w xsystem turns out to be non-integrable 4 except for some special initial
w xconfigurations to which KAM perturbation theory can be applied 5 .
By contrast, the main motivation of the current work, at least initially,
was purely geometrical, while the author was not even aware of the
classical n-vortex problem. We were primarily interested in motionrtrans-
* This work was partially supported by NSF Grant DMS-9305228.
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formations of polygons in a plane such that ¨elocities of the vertices are
defined by their instantaneous shape. Experimenting numerically with a
variety of laws of motion we observed existence of certain conserved
quantities, in some cases sufficient in number for integrability of the
system. Some of such laws lead to a symplectic structure for the coordinate
pairs and allow one to define an entire class of ``geometric'' Hamiltonians
which are arbitrary functions of natural geometrical characteristics of the
polygon such as distances between the vertices or from the vertices to the
.centroid or various areas and need not be the same for different subsets of
elements defining given characteristics.
It turns out that for such geometrical Hamiltonian systems the centroid
and the moment of inertia assuming that equal weights are assigned to
.the vertices are always preserved. In other words, there are enough
integrals of motion to guarantee complete integrability of ``the triangles,''
that is, for the three-particle or the six-dimensional dynamical systems.
Next, for a reduced class of Hamiltonians that depend only on the areas of
 .the ``inscribed'' and the ``central'' triangles see below one observed an
additional integral leading to integrability of the dynamics of quadrilater-
als. Furthermore, for a particular subclass of the latter class the total area
of the figure is also preserved, which results in integrable motion of
pentagons.
Thus, we demonstrate that integrability at least for the three-, four-,
.and five-particle systems is perhaps a slightly more common property than
had been traditionally believed. Whether some motion of polygons leads to
a 2n-dimensional integrable system remains, however, an open question.
2. POLYGON DYNAMICS WITH HAMILTONIANS
DEPENDING ON LENGTHS
In order to better illustrate our initial motivation and in view of a more
transparent algebra we present a somewhat narrower definition first. Let
 .us consider motion of plane polygons with n ordered vertices r s x , y ,i i i
i s 1, . . . , n. We shall slightly abuse the notations understanding indices
modulo n: for instance, x ' x , y ' y , etc. We shall also need thenq1 1 0 n
following notations: e s r y r is the edge connecting vertices i,i, iq1 iq1 i
5 5and i q 1, r s e is its length. We define a unit normal to ei, iq1 i, iq1 i, iq1
as
y y y x y xiq1 i iq1 i
n s , y . 2.1 .i , iq1  /r ri , iq1 i , iq1
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Let
H s H r , r , . . . , r 2.2 .  .1, 2 2, 3 n , 1
be a twice differentiable function of all its arguments. We introduce
weighted normals in the following manner:
­ H
N s n 2.3 .j , jq1 j , jq1­rj , jq1
 .and define motion of the vertices with velocities equal or proportional to
the difference of the nearest weighted normals:
d
r s N y N , i s 1, . . . , n 2.4 .i iy1, i i , iq1dt
The initial motivation of the above construction was to define, in a
sense, motion generated by ``curvature'' of the polygons. Indeed, the
 .difference of the non-weighted normals n y n corresponding toi, iq1 iy1, i
the Hamilton function that is equal to the perimeter H s r q1, 2
??? qr represents an apparent attempt to imitate the definition of then, 1
curvature k for a curve dnrds s ks , where s is the unit tangent vector
and s is the arc-length.
 .It turns out that the dynamical system 2.4 preserves some simple
geometrical quantities.
 .PROPOSITION 1. Equation 2.4 defines a Hamiltonian system with Hamil-
 .ton function 2.2 . Apart from H
 .a the centroid r of the polygon is preser¨ ed:
nd d 1def
r s r s 0. i /dt dt n is1
 .b the moment of inertia for equal masses assigned to the ¨ertices is
preser¨ ed:
nd ddef 25 5M s r s 0. 2.5 . i /dt dt is1
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Proof. First, form the definition of the function H one can easily see
that
­ H ­ H x y x ­ H x y x dyi iy1 iq1 i is y s y 2.6 .
­ x ­r r ­r r dti iy1, i iy1, i i , iq1 i , iq1
­ H ­ H y y y ­ H y y y dxi iy1 iq1 i is y s . 2.7 .
­ y ­r r ­r r dti iy1, i iy1, i i , iq1 i , iq1
Second, the coordinates of the centroid are clearly integrals of motion
 .since the sum of the right-hand sides of the differential equations in 2.4
is equal to zero.
The last statement of the proposition requires some calculations:
n1 d d
2 2M s x q y . i i2 dt dt is1
n d d
s x x q y y i i i i /dt dtis1
n ­ H y y y ­ H y y yi iy1 iq1 is x y i  /­r r ­r riy1, i iy1, i i , iq1 i , iq1is1
­ H x y x ­ H x y xi iy1 iq1 iy y y . 2.8 .i  /­r r ­r riy1, i iy1, i i , iq1 i , iq1
After cancelling the terms with identical indices in the products xy we
obtain
n n1 d ­ H x y y x y ­ H x y y x yiy1 i i iy1 i iq1 iq1 i
M s y . 2 dt ­r r i y 1, i ­r riy1, i i i , iq1 i , iq1is1 is1
2.9 .
It only remains to notice that the two sums in the above equation are
identical since the indices are understood modulo n.
Now we need to verify that the integrals of motion are in involution with
each other. Unfortunately it is not the case with the coordinates of the
centroid which are neither in involution with each other nor with the
moment of inertia M. However, the situation is corrected if we choose the




2 4M , r s 4 x y y y x s 0. 2.10 .  i j i j /
is1 js1 js1
3. GEOMETRICAL HAMILTONIANS AND INTEGRABLE
MOTION OF TRIANGLES
It clearly follows from Proposition 1 that motion of triangles defined by
 .Eq. 2.4 is completely integrable. Now we shall expand the class of
Hamilton functions in the following fashion. First, we consider all possible
 .connections we shall continue to call them the edges e s r y r andi, j i j
5 5corresponding lengths r s e . We also add the centroid r to thei, j i, j
 .vertices and include the ``central edges'' note the single index e s r y ri i
5 5with the lengths r s e . Additionally, we define the ``central'' trianglesi i
 .with vertices r, r , r and their areas, say, S , and the ``inscribed''i j i, j
 .triangles r , r , r whose areas we shall name, say, A . The areas in thei j k i, j, k
above definitions are understood algebraically as the non-zero components
of the appropriate cross products:
S s x y x y y y y x y x y y y , .  . .  .i , j i j j i
A s x y x y y y y x y x y y y . 3.1 .  .  .  .  .i , j , k j i k j k j j i
Now, we shall assume the Hamiltonian to be an arbitrary function of all
 .or some of these scalar quantities:
H s H r , r , S , A , i , j, k s 1, . . . , n. 3.2 . .i , j i i , j i , j , k
It should be remarked that in principle rigidity of polygons with all of
the lengths, say, r prescribed allows to express every geometrical charac-i, j
teristics through the lengths. However, for clarity and convenience of
further presentation we prefer to single out some characteristics in the
 .definition 3.2 .
PROPOSITION 2. Hamiltonian system
dx ­ H dy ­ Hi is , s y , i s 1, . . . , n
dt ­ y dt ­ xi i
preser¨ es the centroid and the moment of inertia of the polygon.
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Proof. First we need the partial derivatives
­r 1 1 ­r 1 1i is x y x d y , s y y y d y , 3.3 . .  .i i , j i i , j /  /­ x r n ­ y r nj i j i
­r 1 ­r 1i , j i , js x y x d y d , s y y y d , .  . .  .j i j , k i , k j i j , kyd i , k­ x r ­ y rk i , j k i , j
3.45 .
­S 1 1i , j s y y y d y y y y y d y , 3.5 . . .j i , k i j , k /  /­ x n nk
­S 1 1i , j s x y x d y y x y x d y , 3.6 . .  .i j , k j i , k /  /­ y n nk
­ Ai , j , k s y y y y d q y y y d y y y y d , 3.7 .  .  .  .k j i , l k i j , l j i k , l­ xl
­ Ai , j , k s x y x d y x y x d q x y x d , 3.8 .  .  .  .k j i , 1 k i j , l j i k , l­ yl
where d is the usual notation for Kronecker's delta.i, j
Now, let us look at the x-component of the vector field corresponding to
the mth vertex:
­ H ­r ­ H ­ri , j i
x s qÇ  m ­r ­ y ­r ­ yi , j m i mi , j i
­ H ­S ­ H ­ Ai , j i , j , kq q . 3.9 . 
­S ­ y ­ A ­ yi , j m i , j , k mi , j i , j , k
We need to show that summation with respect to m of the x-components
 .in 3.9 yields zero:  x s 0. Indeed, take, for instance, the last sum inÇm m
 .3.9 and consider a single term with i, j, k fixed. We get
­ H ­ Ai , j , k
­ A ­ yi , j , k mm
­ H
s x y x d y x y x d q x y x d s 0. .  .  . k j i , m k i j , m j i k , m­ Ai , j , k m
 .The rest of the terms in 3.9 and the y-components are dealt with in a
similar fashion.
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Since preservation of the centroid has been established we can assume
r s 0 without any loss of generality. The time derivative of the moment of
inertia is
x x q y yÇ Ç m m m m
m
­ H ­r ­ H ­r ­ H ­Si , j i i , js x q q   m  ­r ­ y ­r ­ y ­S ­ yi , j m i m i , j mm i , j i i , j
­ H ­ Ai , j , kq  5­ A ­ yi , j , k mi , j , k
­ H ­r ­ H ­r ­ H ­Si , j i i , jy y q q   m  ­r ­ x ­r ­ x ­S ­ xi , j m i m i , j mm i , j i i , j
­ H ­ Ai , j , kq . 3.10 . 5­ A ­ xi , j , k mi , j , k
 .Once again consider the terms in Eq. 3.11 corresponding to a specific
 .``fixed'' variable in the definition of H 3.2 , for instance
­ H ­ A ­ H ­ Ai , j , k i , j , k
x y y m m­ A ­ y ­ A ­ xi , j , k m i , j , k mm
­ H
s x x y x d y x y x d q x y x d .  .  . m k j i , m k i j , m j i k , m­ Ai , j , k m
­ H
y y y y y y d y y y y d .  . m k j i , mq y yy .d j , m j i k , mk i­ Ai , j , k m
­ H
s x x y x y x x y x q x x y x .  .  .i k j j k i k j i­ Ai , j , k
qy y y y y y y y y q y y y y . 3.11 .  .  .  .i k j j k i k j i
Obviously, the above expression inside the brackets is equal to zero. It is
not difficult to see that terms corresponding to the other geometrical
variables in H vanish as well.
As a result of the above proposition we have enough integrals of motion
to guarantee that dynamics of the triangles with Hamiltonians depending
 .on their geometry the side lengths and the angles is integrable. Indeed,
the angles can obviously be expressed through the area and the lengths. It
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is a relatively simple exercise to verify that the integrals are in involution
2 .once again we should use r and independent. Therefore, we have
obtained the following result:
THEOREM 3.1. Motion of triangles defined by the geometrical Hamiltoni-
 .ans 3.2 is completely integrable.
4. AREA DEPENDENT HAMILTONIANS AND INTEGRABLE
MOTION OF QUADRILATERALS
Suppose now that the Hamilton function depends only on the areas
H s H S , A , i , j, k s 1, . . . , n. 4.1 . .i , j i , j , k
It turns out that in this case the system possesses one more integral of
motion. In order to demonstrate that we shall need the following observa-
tion, which, in our view, represents a curious fact in its own right:
 .  4LEMMA 1. Consider n points a polygon r , i s 1, . . . , n in 3-D spacei
and let
S s r y r = r y r , A s r y r = r y r 4.2 .  .  . .  .i , j i j i , j , k j i k j
 .be the ¨ector areas. Then
A2 s 3n S2 . 4.3 . i , j , k i , j
i , j , k i , j
Proof. In view of the translation invariance of the identity to be proved
we can take r s  r s 0. We geti i
22A s r y r = r y r .  . i , j , k j i k j
i , j , k i , j , k
2s r = r y r = r q r = r . j k i k i j
i , j , k
2 22s r = r q r = r q r = r . .  . j k i k i j
i , j , k
y2 r = r ? r = r q 2 r = r ? r = r . .  .  .j k i k j k i j
y2 r = r ? r = r .  .i k i j
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2s 3n r = r y 6 r = r ? r = r . .  . i j j k i k
i , j i , j , k
2 2s 3n r = r y 6 r = r ? r = r s 3n S . .  .   i j j k i k i , j /
i , j j , k i i , j
4.4 .
In the above calculation we have used only antisymmetry of the cross-
product and indifference of sums to the dummy indices of summation.
Now we can demonstrate that for the area-dependent Hamiltonian
 .functions 4.1 one more quantity is preserved by the motion. This quantity
turns out to be the one discussed in the above lemma:
PROPOSITION 3. Let the Hamilton function depend only on the areas.
Then
2 1def 2 2D s S s A 4.5 . i , j i , j , k3ni , j i , j , k
is an integral of motion.
Proof. We shall present the proof for the first subset of the variables
 .H s H S , . . . . Recalling that r s 0 we geti, j
1 1 ­ D ­ DÇD s x q yÇ Ç m m2 2 ­ x ­ ym mm
­S ­Si , j i , js S x q S yÇ Ç  i , j m i , j m /  /­ x ­ ym mm i , j i , j
­S ­ H ­Si , j k , ls S  i , j  / /g ¨x ­S ­ ym k , l mm i , j k , l
­S ­ H ­Si , j k , ly S i , j  / /­ y ­S ­ xm k , l mi , j k , l
­ H ­S ­S ­S ­Si , j k , l i , j k , ls S y . 4.6 .   i , j  /­S ­ x ­ y ­ y ­ xk , l m m m mmk , l i , j
 .We should once again investigate the parts of the above sums 4.6
 .corresponding to every fixed pair k / l if k s l, S s 0 . Leavingk , l
 .­ Hr­S outside and substituting appropriate derivatives from Eq. 3.5k , l
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we obtain
­S ­S ­S ­Si , j k , l i , j k , l
S y i , j  /­ x ­ y ­ y ­ xm m m mm i , j
s S y d y y d x dd y x d . .  i , j j i , m i j , m k l , m l k , m
m i , j
y x d y x d y d y y d . .i j , m j i , m l k , m k l , m
1
y S y y y x y x y x y x y y y .  .  .  .  i , j j i k l i j l kn m i , j
s S S d q S d q S d q S d i , j k , j i , l j , l i , k i , k j , l l , i j , k
i , j
y S S q S q S q S i , j k , j j , l i , k l , i
i , j
s S S q S S q S S q S S . . l , j k , j k , j j , l i , l i , k i , k l , i
j i
y S q S S y S q S S . . .   k , j j , l i , j i , k l , i i , j
j i i j
In the above sums we have changed the order of summation and used
the identity  d d s d . The result is obviously zero due to antisym-m i, m j, m i, j
metry of the areas and in view of the fact that  S s  S s 0 if r s 0.i i, j j i, j
The proof dealing with the part of H depending on A is somewhati, j, k
more cumbersome on account of the multitude of indices but follows
essentially the same routine.
Now we have three integrals of motion. It is relatively easy to check that
2D is in involution with r and M and it is quite obvious even from the
elementary geometry that these quantities are independent. This allows us
to claim the following
THEOREM 4.1. Motion of the quadrilaterals corresponding to the Hamilto-
 .nians 4.1 depending solely on the areas is completely integrable.
5. A SPECIAL CASE: INTEGRABLE MOTION OF
PENTAGONS
Numerical experiment seems to indicate integrabiilty of five vertex
systems for symmetrical Hamiltonians of the form
H s H A , . . . , A , . . . , i s 1, . . . , n .1, 2, 3 iy1, i , iq1
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depending solely on the areas of the peripheral triangles formed by the
neighbors and such that
­ H ­ H
s , i , j s 1, . . . , n.
­ A ­ Aiy1, i , iq1 jy1, j , jq1
 .However, so far we have been able to guess an additional integral s of
motion only for n F 5 and for a special subclass when the Hamiltonian
represents a function of the sum of squares of the areas of the peripheral
triangles and the sum of squares of the areas of the central triangles with
the consecutive vertices only. Here is the exact statement:
THEOREM 5.1. Let
H s H S2 q ??? qS2 q ??? qS2 , 1, 2 i , iq1 5, 1
A2 q ??? qA2 ??? qA2 . 5.1 ..1, 2, 3 iy1, i , iq1 5, 1, 2
Then the total area S sdef 5S is an integral of motion which is ini i, iq1
2in¨olution with r , M, and D. Therefore, dynamics of the pentagons generated
 .by the Hamilton system corresponding to 5.1 is completely integrable.
Unfortunately the area is preserved by the Hamilton systems of the
 .latter type only for n F 5 vertices . Since the statement of the theorem
concerns a specific number of vertices we shall skip the nonetheless
lengthy algebraic manipulations and refer the reader to a rather straight-
forward Maple session instead.
6. NUMERICAL ILLUSTRATIONS
First, we present a ``generic'' case of integrable motion of a triangle in
 .which an arbitrary, so to speak, Hamilton function of the type 3.2 has
been chosen:
1
2H s sin r q exp yr y A . 6.1 .  .2, 3 3, 1 1, 2, 310
Velocities are represented by rather exotic expressions which are different
for different vertices and, in this case, do not have any meaningful physical
interpretation.
Figures 1A]1C depict trajectories of the vertices of the triangle. Since
the orbit has a sufficiently non-trivial geometry, we present projections of
 .  .  .the phase space onto three additional planes x , y , x , x , and x , y1 2 1 2 2 3
 .Figs. 1D]1F . As one should expect, the numerical solution clearly
suggests a multiple-periodic motion.
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 .  .  .  .FIG. 1. Dynamics of a triangle. A ] C Trajectories of the vertices. D ] F Projections of
 .  .  .the orbit into the planes x , y , x , x , and x , y , respectively.1 2 1 2 2 3
Our next example illustrates transformation of a quadrilateral with
another quite arbitrary Hamilton function, this time depending only on the
areas:
H s S S q 5 cosh A y 5 arctan A . 6.2 .  .  .1, 2 2, 3 1, 2, 3 3, 4, 1
Once again Fig. 2A represents the trajectory of one of the vertices of the
quadrilateral, while Figs. 2B and 2C add two more projections of the orbit
into the planes other than the plane where the quadrilateral dwells.
Finally, our last illustration represents a ``generic'' case with a Hamilton
 .function of the type 5.1 :
H s S2 q ??? qS2 q ??? qS21, 2 i , iq1 5, 1
q arctan A2 q ??? qA2 ??? qA2 . 6.3 . .1, 2, 3 iy1, i , iq1 5, 1, 2
 .In this case the projections of the orbit itself Figs. 3A]3C , rather
unexpectedly, seem to be chaotic. However, the matter is clarified if we
look at the image of the orbit in the space ``built'' of the areas where
 .various projections Figs. 3E and 3F quite clearly indicate multiple-peri-
odic motion.
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 .  .  .FIG. 2. Dynamics of a quadrilateral. A Trajectory of the first vertex. B and C
 .  .Projections of the orbit into the planes x , x and x , y , respectively.1 2 1 3
7. CONCLUDING REMARKS
As we have mentioned in Introduction the known cases of integrability
of n-particle systems in a plane are scares and require very specific
Hamilton functions. However, as we have demonstrated above, the dynam-
ics of the three and four-vertex systems turns out to be completely
 .  .  .FIG. 3. Dynamics of a pentagon. A Trajectory of the first vertex. B and C Projections
 .  .  .  .of the orbit into the planes x , x and x , x , respectively. D ] F Images of the orbit in1 2 1 3
 .  .  .the planes S , S , S , S , and S , A .1, 2 2, 3 1, 2 2, 3 1, 2 3, 4, 5
MICHAEL L. FRANKEL146
integrable even for arbitrary and asymmetric ``interaction'' unrelated in
any fashion whatsoever to any physical model such as a flow of inviscid
incompressible fluid or electromagnetic field etc. We have also found some
integrable five-vertex systems albeit for more specific forms of the Hamil-
ton function.
In fact, it seems that Theorems 3.1 and 4.1 with a certain addition
.mentioned below give a more or less comprehensive description of the
completely integrable motion of polygons in plane generated by the
 .geometrical Hamilton functions 3.2 in general position. Indeed, the
integrals of motion r, M, and D correspond to the basic symmetries
 . 2  .  .  . transformation groups on R : T 2 translations , O 2 rotations and
.  . reflections , and the special linear group SL 2 transformations preserving
.areas . In addition, Hamiltonians depending exclusively on the angles
should correspond to the product of rotations and the Dilatation group.
Numerical experiment with the latter Hamiltonians seems to indicate that
the systems collapse in finite time both into the future and the past,
although we did not investigate the matter further. We should also remark
that the integrals of motion could be obtained from the general theory of
symmetries for Hamiltonian flows, but, since, at it seems, computationally
it would require at least the same space and effort we prefer the direct
way.
Clearly the dimension of the system remains a more important obstacle
for integrability than the specific kind of interaction defining the dynamics
as it requires an increasing number of preserved quantities. Indeed, it
seems that the idea of the proof of non-integrability for the four-vortex
w x  .system 4 should apply to the Hamiltonian 3.2 in general position. As
well, if only the distance dependent interactions are considered. Neverthe-
less, when we have excluded such interactions in Section 4 the four vertex
problem became integrable. Therefore, since the ``geometric'' approach
allows a considerably greater flexibility than the mechanical one as, for
.instance, the n-vortex problem , the high dimension does not completely
preclude the possibility that for some special class of Hamilton functions
the n-vertex polygons will exhibit integrable motion.
The author is perhaps more skeptical than optimistic on this account.
However, until a rigorous argument to the contrary is presented, the
question of integrability of the n-vertex systems remains open and repre-
sents, in our view, an interesting challenge. On the other hand, integrabil-
ity is not necessarily the only interesting issue concerning the geometri-
cally defined dynamics of polygons. Numerical solutions for some systems
unrelated to the Hamiltonian structure exhibit rather unusual properties
which we hope to discuss in the near future.
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